It is shown that the wake-mediated interactions between microparticles in a two-dimensional plasma crystal affect the shape of the monolayer, making it non-flat. The equilibrium shape is calculated for various distributions of the particle number density in the monolayer. For typical experimental conditions, the levitation height of particles in the center of the crystal can be noticeably smaller than at the periphery. It is suggested that the effect of wake-induced bending can be utilized in experiments, to deduce important characteristics of the interparticle interaction.
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I. INTRODUCTION
Two-dimensional (2D) complex plasmas have been actively investigated in ground-based experiments since the two decades [1] [2] [3] [4] [5] . The focus has been made on experiments with crystalline and liquid monolayers, representing an excellent natural model system for studies of generic phenomena occurring in classical 2D liquids and solids 6, 7 . Such monolayers are usually obtained in radio-frequency (rf) plasma discharge chambers [8] [9] [10] [11] [12] [13] , where the negatively charged monodisperse microparticles levitate above the horizontal rf electrode due to the balance between the electrostatic force (exerted in the electrode sheath via an inhomogeneous vertical electric field) and gravity.
The sheath field induces a strong vertical plasma flow toward the electrode, and each microparticle acts as the lens causing the flowing ions to focus downstream from it. This results in the formation of plasma wakes "attached" to microparticles [14] [15] [16] [17] [18] [19] [20] [21] [22] . The wakes exert attractive forces on the neighboring particles and make the pair interactions non-reciprocal. Nevertheless, the collective behavior of such monolayers remains exactly conservative (i.e., apart from a frictional neutral-gas damping, it can still be described by an effective Hamiltonian) until a certain threshold in the particle number density is reached. This threshold depends on the strength of the vertical confinement and identifies the onset of the modecoupling instability (MCI) [23] [24] [25] [26] [27] [28] [29] . In the unstable regime the particles acquire anomalous kinetic energy which is converted from the flowing plasma (due to resonance coupling between the horizontal and vertical wave modes, mediated by non-reciprocal particle-wake interactions). If the MCI threshold is reached, the instability can only be suppressed by frictional damping, e.g., by increasing the gas pressure.
Theoretical studies of 2D complex plasmas usually assume that monolayers are flat, i.e., all particles levitate a) Electronic mail: tbr@mpe.mpg.de b) Electronic mail: ivlev@mpe.mpg.de A horizontal disk-shaped 2D crystalline monolayer was formed by monodisperse melamine-formaldehyde particles of 9.19 µm diameter, levitated in an argon discharge above a flat rf electrode of about 20 cm diameter. Particles were illuminated by a vertical thin (≃ 2 interparticle distances) laser sheet passing through the center of the monolayer. Shown are the levitation heights of the traced individual particles in the illuminated region, the solid line is a parabolic fit. The levitation height z turns out to be dependent on the radial distance x from the center, where z(x) attains a minimum (and where the areal density of particles is the highest). The pixel size is 57 µm, the vertical coordinate is measured from the electrode surface.
on the same height, and that the number density is constant. In fact, the density normally has a maximum near the center (monolayers are typically disk-shaped) and decreases towards the periphery. This inhomogeneity is caused by a weak (radially-dependent) horizontal confinement, primarily due to edge effects in the discharge [30] [31] [32] [33] . The levitation height also varies across the monolayer -it turns out to be the lowest at the center, so that the monolayer has an observable curvature ("bending"), as illustrated in Fig. 1 . To the best of our knowledge, the cause of the bending has never been investigated, e.g., it may be associated with the edge effects too.
We would like to point out a mechanism of the bending which must always operate in experiments with 2D complex plasmas: Along with the "individual" forces acting on each levitated particle (gravity, electrostatic, ion drag, thermophoretic, etc.), there is also a "collective" contribution from the wakes of the neighboring particles. Unlike the direct electrostatic interaction between charged particles, the wake-mediated interactions break the symmetry 34 . The forces from the wakes of the neighboring particles are pointed downwards and, obviously, the resulting net force should be dependent on the local particle density and configuration in the monolayer. Thus, the wake-mediated interactions should always cause bending of the monolayer, and one could expect that the effect should be the strongest in the center, where the particle density is the highest.
In this paper we analyze the effect of the wakemediated interactions on bending of 2D plasma crystals. We show that, under typical experimental conditions the magnitude of the effect can be quite significant: The difference between the levitation height in the center and at the periphery can be as large as ∼ 10% of the mean interparticle distance. We suggest that the bending phenomenon can be utilized in experiments, to deduce important characteristics of the interparticle interaction.
II. BENDING
Let us consider a monolayer composed of N identical charged particles whose equilibrium is determined by the balance between the wake-mediated pair interactions and the forces of external confinement. The equilibrium configuration can be described by the "bending surface" z(x i , y i ), where {x i , y i } are the equilibrium horizontal coordinates of the ith particle (1 ≤ i ≤ N ).
The horizontal confinement is usually poorly known, and therefore determining the horizontal particle distribution "from the first principles" is hardly possible. On the other hand, the horizontal positions can be directly obtained from the experimental top-view observations. Hence, one can use the measured coordinates {x i , y i } as the input for calculating the vertical displacement z(x i , y i ).
Parameters of the vertical confinement can be accurately measured in experiments with individual particles 35 . Typically, the confinement is harmonic to a good accuracy. It is characterized by the vertical eigenfrequency Ω v ; nonlinear terms can also be deduced and included in the analysis, for the sake of simplicity we neglect them here. For the interparticle interactions we implement a simple Yukawa/point-wake model 28, 36 , which is characterized by the negative particle charge −Q, effective screening length λ, positive wake charge q, and wake length δ. The results can be straightforwardly generalized for an arbitrary model of the wake potential.
In this section we normalize all lengths by λ, while the interaction potential and the vertical eigenfrequency are in units of the Debye energy scale Q 2 /λ and the dustlattice frequency Q 2 /M λ 3 , respectively (where M is   FIG. 2 . Bending of a 1D particle string (dimensionless units). The vertical displacement z(xi) of 31 particles is plotted (relative to the equilibrium height of a single particle). Two examples are shown, corresponding to a constant (squares) and variable (circles) linear density ρ. The dashed line represents ρ(xi) for the latter case, the constant-density value coincides with its maximum. The results are for the screening parameter κ = 1.1 (at the maximum) and the wake dipole momentqδ = 0.24, the eigenfrequency of vertical confinement Ωv = 2.24 corresponds to the MCI threshold (note that
v , see text for details).
the particle mass). The screening parameter κ = ∆/λ is defined for the mean interparticle distance ∆ at the maximum density. Furthermore, we introduce the normalized wake chargeq = q/Q and lengthδ = δ/λ, so that the Yukawa/point-wake potential of a particle reads
where r is the distance to the particle and r δ = x 2 + y 2 + (z +δ) 2 is the distance to the wake. The vertical displacement z i ≡ z(x i , y i ) of the ith particle is governed by the following equation readily derived from the vertical force balance:
where the summation is over the neighbors. Thus, the bending surface is generally determined by the solution of N coupled equations (2) . In order to demonstrate the generic properties of bending and, simultaneously, to highlight the important effect of neighbors, we shall start the consideration with a 1D particle string and then discuss 2D monolayers. Figure 2 shows the "bending lines" z(x i ) calculated from Eq. (2) for a 1D string comprised of N = 31 particles. We present results for a constant density (squares) and variable density (circles). In the latter case the horizontal particle positions were deduced from molecular dynamics simulations (described in Refs. 30, 37 ). The resulting density distribution (dashed line) has a maximum at the center, where it is equal to the value used for the constant-density case.
Remarkably, for a constant-density case the string remains flat, i.e., practically all particles except those at the ends are shifted downwards as the whole. This indicates that the magnitude of the shift at a given particle density is mostly determined by the nearest neighbors, i.e., even for relatively small (N ≥ 5 − 6) clusters with equal spacing the vertical displacement is practically independent of N . In the case of variable density, the net force from the mutual interactions rapidly decreases toward the ends and, therefore, |z i | decreases as well, but the displacement at the center is practically the same as for the constant-density case. Figure 3 illustrates bending of a 2D monolayer. The radial dependence of the vertical displacement is presented in Fig. 3a (solid line) for a given areal density distribution (dashed line), and the complementary results for a 1D string (dotted line, with the same linear density distribution) are also shown. Obviously, bending of monolayers and strings is qualitatively the same, but its magnitude H (maximum vertical displacement) is about 3 times larger in the 2D case (H ≃ 0.08). So, the magnitude of H for a given density appears to be primarily determined by the lattice coordination number (whose ratio for 2D and 1D lattices is 3). Furthermore, Fig. 3b demonstrates that near the monolayers center, where the density is practically constant, the particles levitate at almost the same height.
A general dependence of the bending magnitude H on the parameters of pair interaction and confinement can be derived from the following simple consideration: The bending is the result of interaction asymmetry due to the wake term in Eq. (1). For the latter, the dependence on z is negligible whenδ|dz/dr h | ≪ κ (where r h is the horizontal coordinate). As one can see from Fig. 3 , |dz/dr h | is typically very small (∼ 10 −2 ), so this condition is always satisfied. Then the first term in Eq. (2) does not depend on z i and we get
where ξ i = r 2 hi +δ 2 is the distance to the wake of the ith neighbor. We immediately conclude that the bending magnitude is directly proportional to the effective wake charge and inversely proportional to the squared confinement frequency. One can further simplify the obtained expression by noting that the dependence of σ onδ can be neglected whenδ 2 ≪ κ 2 . Typically, the screening parameter κ is about unity, so that forδ 0.3 the distance is reduced to ξ i ≃ r hi . Hence, in practice σ is a (strongly decreasing) function of κ only, as shown in Fig. 4 (thin lines), and H is proportional to the wake dipole moment qδ. We note that the functions representing 2D and 1D   FIG. 3 . Bending of a 2D crystalline monolayer (dimensionless units). The crystal has a form of an axially-symmetric disc composed of 1519 particles, the radial dependence of the (average) areal density ρ is shown in (a) by the dashed line. The corresponding radial dependence of the vertical displacement z is depicted by the solid line, and the bending line for a 1D particle string with the same linear density distribution is also shown for comparison (dotted line). The top view of the bent monolayer is presented in (b), where the magnitude of the local vertical displacement is grayscale-coded. The results are for the screening parameter κ = 0.91 (at maximum density) and the wake dipole momentqδ = 0.24, the eigenfrequency of vertical confinement Ωv = 4.22 corresponds to the MCI threshold.
cases in Fig. 4 (solid and dashed lines, respectively) are similar and their ratio also approaches 3 for κ 1 (cf. bending profiles in Fig. 3a) .
The strongest equilibrium bending is observed when Ω v is reduced down to the critical (threshold) confinement frequency Ω cr corresponding to the onset of MCI. For
cr is a function of κ only 28 , and this rather strong dependence turns out to be very similar to σ(κ). Therefore, the maximum equilibrium magnitude of the bending is given by the following (3) and (4), respectively. The shown curves are for 2D monolayers (solid lines) and 1D strings (dashed lines), the results are obtained in the limit δ 2 ≪ 1.
simple dependence:
where η(κ) is a relatively weak function shown in Fig. 4 (thick lines).
III. CONCLUSION
Bending of 2D plasma crystals is not only an interesting effect caused by the interaction non-reciprocity. We showed that its magnitude can be quite large, about one tenth of the effective screening length, which gives about 40 − 80 µm for typical experiments with 2D complex plasmas 28 . This value is comparable with the thickness of the horizontal laser sheets used in experiments to illuminate levitated particles. Therefore, we suggest that the bending phenomenon can be utilized to deduce important characteristics of the interparticle interaction.
The only well-established experimental method to determine the screening length and the effective particle charge, √ 1 −q Q 28 , is based on fitting theoretical dispersion relations to experimental fluctuation spectra 27, 38 . Another recently proposed 36 method of mapping selfconsistent wake models to the effective dipole moment qδ allows us to relate the wake parameters to the screening parameter κ. However, the accuracy of this method has not been tested so far.
The results presented in this paper allow us to identify at least two simple algorithms to obtain certain combinations of the interaction parameters. For this, let us rewrite Eqs. (3) and (4) in the dimensional form:
• From Eq. (4) we derive
By using the value of κ in the center of the monolayer (e.g., deduced from fitting of fluctuation spectra) as the input parameter and measuring the bending magnitude H cr at the onset of MCI, we obtain a combination of Q, q, and δ. Since η only weakly depends on κ, this algorithm provides fairly accurate results even if the accuracy of measuring κ is poor.
• From Eq. (3) we get Qqδ = (2πf v ) 2 M Hλ 3 σ −1 (κ).
In this case, it is sufficient to measure H at a given resonance frequency of a single particle, f v (in units of Hz), and also use λ as the input parameter, which yields another combination of Q, q, and δ. Since σ(κ) is a strong function, this algorithm requires very accurate determination of λ. Note that one can divide the two obtained combinations to directly deduce the squared effective charge (Q − q)Q. We conclude that the bending phenomenon commonly observed in experiments with 2D complex plasmas can provide us with a simple powerful method to deduce important characteristics of the interparticle interaction. On the other hand, of course, one should keep in mind that the bending could also be associated with other phenomena, e.g., with a possible inhomogeneity of the sheath electric field and/or particle charge in the horizontal direction. The magnitude (and even the sign) of such effects are unknown and can only be measured in dedicated experimental tests.
